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1 Continuous Markov processes and their Langevin equations

Central Question: What is the formula for a continuous Markev process?
Key to the solution: Self-consistency of the formula

1.1 What is a Continuous Markov Process

If X is a random variable, and its ditribution depends on time t. Then X (f) is called a process.
A continous Markov process is a process which:

1. X(t +dt) — X(t) = A(L,z,dt). The increasement does not depend on the history before t, or, the
information before time ¢ will not help to predict X after time £.

2. Az, t,dt) — 0 as dt — 0.

1.2 Central limit theorem

The sum of any K statistically independent random variables with finite means and variances will become a
normal variable in the limit K — +oc.
Mathematically, we can write:

_Zf.v; = N{m,o2) (1)



if ¢; are independent random variables with finite means and variaces. We use N(m,03) to represent a
normal distribution with mean m and variance o2 here.
1.3 N(m1,0¥)+N(m2,a§) =N(m1+m2,d%+o€)

Let z;, z2 be 2 normal distributions. The sum of these 2 random variables is a new random variable:
T = T, + Tg, we ask the question: what is the distribution of =7

Denote
P(z1) = N(m1,0}) (2)
P(x2) = N(mg,a3) C)
then we have:
+o0  ptoo :
P(z) = ] / 8(z — z1 — z2) P(z1) Plzs)dxy dxo : {4)
+oo  ptoo (m)—m1)2 . (wg —ma)?
1 RS i o 1 —{z2-ma)
= f / Mz — 21 — zg)——e I . e 2 dridz {5)
—x J—00 \/51';0'1 V2o g
1 +oo _(:1:1--1411)2 _(w—zl—zmg)z
- f e 2?7 g 203 dz; . (6)
2ro109 J_ oo
1 B m2a2pad(mg—a)? +oo . .
— e 20‘%0‘22 / e—awf*wal dﬂ;l (7)
o109 —eo '
2.2 2 2
1 wmiz%;z(_f;z—_m) T 82
— ot lea 8
271'(710'26 o ae ®)
where . )
=T ©)
20202
2 2 ‘
ogi{mg —x) — o5my
h=—-2 ; 10
20202 (10)
Substitute a to b to Eq. 8, we finally obtain the result we want:
v _ (:z:—-m.g —ma 2
P = H—l—e 2Hei+ogd (11)
2n(o? + o2) .
Hence, we prove that:
N(my,03} + N(ma,03) = N(mi + ma, 07 + 03) (12)

This means 2 normal random variables add up to be a new normal random variable. The
mean and variance of the new variable are the sum of the means and variances of the original
2 variables.

1.4 Identifying a linear function

Show that if h(z) is a smooth function, and h(z) = nh(z/n) for any positive integer n, then i(z) isa linear
function h = Cz, in which C is independent of z.
Since 2
h{z} = nh(;), VneZt (13)

we take the derivative for both sides and get:

(ﬁ) - (@) , Vnezt (14)
dz } __ dz } _
z=zq 2—20/71

where zg is any real number.



Now pick any 2 real numbers z; and 23

dh ) dh dh . dh dh
(&), = (), = (&) == () - (2) 09
z1 zi/n z=0 za/n E2%

Since z; and z; are arbitrary, we conclude that:

dh
dz

C (16)
where C is a constant, and thus:
h=Cz+D (17)

where C' and D are constant.
But plugging z = 0 into Eq. 13 gives us ({0} = 0, therefore D = 0 and we finally get:

h{z) =C=z (18)

1.5 Update formula for a general continuous Markov process

Idea: for a memoryless continuous stochastic process, the increasement (if smooth) must be a normal
distribution with its mean value and variace proportional to dt.

Mathematical Expression: The mathematical expression for the idea is: for a random process x(t):
XE+d) =Xy + A (19)
where A is random, if
1. A= A(z,t,dt), (memoryless condition)
2. A(z,t,dt) > 0asdt >0, (continuous condition)
3. A(z,t,dt) is smooth with respect to z,¢ and dt.

Then A must have the form:

A(z,t,dt) = N (A(z, t)dt, D(z,t)dt) = A(z, t)dt + D%z, t) - Vdt - N{0,1) {20)

Proof:
The formula must be self-consistent, i.e.,

dt

= (21)

N
Az, t,dt) =) Az, &,
=1

Since A - 0 as dt — 0, the mean and variance of A(z;, t;, dt/N} must be finite. Moreover, A(x;, t;, dt/N)
is independent because of the memoryless property. We take N — oo, then using the central limit theorem,
we know A is a normal distribution.

Also, since df is very small, we have:

M
Az, t,dt) = ZA(xi:ti:%) (22)
i=1
- _
dt
o ;A(m,t,ﬂ) (23)
dt :
= MA(z1,57) (24)




Therefore,
dt

Az, t,dt) = M - Az, t, i) (25)
dt
Var(A)(z,t,dt) = M - Var(A)z,t, M) (26)
Thus:
Az, t,dt) = N({A(z,t)dt, D(z,1)dt) (27)
= A(z, t)dt + DY2V/di - N(0,1) (28)
And the continuous Markov process has the general formula:
X(t+dt) = X(t) + Az, t)dt + D{z,t)/>Vdt - N(0,1) (29)
In general, the process is not differentiable unless D(z, ) = 0, but we still write:
%ng@jy+D@ﬁ”@ o (30)
1.6 Comiments
1. The update formula with v/dt and d¢ is non-trivial.
Consider a ordinary deterministic function X(t)}, if you are told that X {t} is smooth, then:
X(t+dt) =X+ AX, t)dt _ (31)
can be derived from Taylor expansion or from
dX(t)
hinkal S )
2 = Afa,) (3)

but both these 2 methods depend on the fact the X (t) is smooth.

Here we only assume that the process is continous and get the results discussed above. In fact, the
continous Markov process is not differentiable unless D = 0.

2. The V/dt term is larger than the d¢ term as dt — 0. But the +/(df) term is randomless with zero mean.
So the dt term cannot be ignored. The v/dt term is strong but erratic whereas the dt term is weak and
steady. They are comparable,

2 The Ornstein~-Uhlenbeck process

The Ornstein-Uhlenbeck process is a continuous Markov process in which A(x,t) = —z/7 and D{z,t) = c.
Central Question: What is the property of the O-U process?

2.1 General O-U process

2.1.1 Methods talked about in class

Since the general formula for the O-U process is:
X(t+dt) = X(t) - %dt + 2 (d) YN (0, 1) - (33)

We first conclude that X (¢ + dt) is a normal distribution because both X (t) and A(z,t,dt) are normal
distributions.

Then we try to find ifs mean value and variace.

‘We have from Eq. 33:

—= <X > (34)

which gives us:
<X(t)>=mp-e T (35)



Squaring Eq. 33 gives us:

9 .
X2(t 4 dt) = X2(t) — ;Xz(t)dt +2e12X (1) - N(&)(dt)/? + eN?(t)dt (36)
So: %2
d< > 2
L €
i o < > +c _ (37)
the solution of which is: or iy g
< X?>= -5(1 —e” 7)) | Ee 2 (38)
where I is a constant that is not determined yet.
Then: oT bt t—t t—tg
Var(X) = ?(1 - 6_7'2(1) + Ee7t — The 72 (39)
using Var(X),_, = 0, we get:
Var(X) = %(1 —e T (40)
Therefore, ’
t—1ty, cT t—1t0
t)=N - — 11~ —
Xt (mgexp( . ), 3 (1 exp( 7 ))) {(41)
To find the integral of X (¢): First, we have:
Y(t) =Yy + X(to)dt (42)

So the fact that X(t) is normal distribution ensures Y{(t) is also a normal distribution.
Then we need to find the mean value and variance of ¥ (¢):

From i<y
< > '
——&?““—' =< X(t) > (43)
we get:
<Y(t) >= o7 (1 - e";fﬂ) {44)
From
Y(t-+dt)=Y{¢)+ X(t)dt (45)
we get:
Y2(t - dt) = Y2(t) + 2Y (1) X (¢)dt (46)
that is: .
<Y%i>=2 / <Y#)X() > dt’ {47)
0
To get <Y X >, we multiply the update formula for X and Y together:
t
X(t+d)Y (¢ +dt) = X(£)Y () — Mdt + 2VAEN(0,1)Y (£) (48)
Hence: <Xy Xy
= 2 o= LPFIN (49)

dt
Now we get solve for < XY > and use Eq. 47 to get ¥? and covariance of Y

Var{Y ()} = er? [(t - to) — 2r (1 - =) + ~(1- e‘%‘*)] | (50)

To find the auto-covariance of X (t), we first put ¢ = £2 and dt = dis in Eq. 33 and then multiply through
by X(tl ):

X)X (b2 + dt2) = X(01) X (ta) — %X (t1)X (to)dbz + 2 X (01)N (t2)(dt2) 2 (51)

Averaging this equation:

o X)X () >= % < X(81) - X(t2) > (52)
dts T



So t
< X{t1)X (t2) >= Eexp(—f)

And
)

t t1+1
CO‘U{X(tl)X(t2)} = Eexp(—f) — x% exp(__l _: 2

Using the variance at ¢t = ¢1, we get:

3 1

con{ X (¢)X (82)} = 5 (1- e %) e

2.1.2 Method used in Nelson’s book

At t = £, we have
X(to+dt) = (1- i:-)X(ifo) + 2 /(dt) N (0,1)
= (1- %E)N(mo, 0) + c'/2/(dt)N (0, 1)

- N ((1 - %)wg,cdt)

x(to -+ 2dt) (1- 5‘-?))((::0 + dt) + c/2VdtN(0, 1)

Let {1 — dt/7)=p, we get:

X(to +mdt) = N (pmxo, ct (1 IS B S +p2(m—1}))

Take the limit m — +oc (Note that p is itself a function of m), we can get the right result:

Xt =N (EQE_%Q, %(1 - e_%%l))

2.2 Special O-U process
2.2.1 Time limit process

The time limit process is (¢ — +o00 or ty — —00):

X* =N, 3)

Y* = N(wQT, CT2(t — tg))

f,’

cT. -t
Cx~ = (3)6 T
2c7?

Syo = —2T
XU 14 ()2

2
N ((1 _ %)%0, (1 - -‘-f;’f) - (edt) -+ (cdt))

(53)

(54)

(55)

(56)
(67)

(58)

(63)

(64)

(65)

(66)



2.2.2 Zero-t limit

In the limit 7 — 0 with 7¢'/2 = ¢ fixed, the process become:

X
Tdd—t@ + X (t) = 72¥/?T (67)
Thus in the zero-r limit, the process becomes a white noise process:
X{t)=«l 7 (68)
Y (t) = N(0,€%(t — to)) (69)
Cer = e28(t)) (70)
S = 26* (71)
2.2.3 Infinite-7 limit
When 7 -, the formula is: :
X(t+dt) = X () + c/2Vdt - N(0,1) (72)
The process is called the driftless Wiener process:
cT
X(t) =N (C‘L‘o, "'2'—') (73)
C(t —to)?
Y(t) = Namo(t — o), S 0L (74)
3 Brownian motion
3.1 Problem description
We will begin with the equation:
d .
m— =70+ F(t) (75)

and 3 assumptions:

1. The process is a continuous Markov process.
2. Equipartion holds: $m < v2, >= 1kgT.

3. Experimental fact: < 2, >= D(t — tg).

The following section try to give derivations of all the principal results of Bownian motion.

3.2 Solution of the Browin motion

Since the process is a continuous Markov process, from Section 1, we know that F(t) must be a white noise
term and thus we rewrite the Langevin’s equation as:

av 1

- = 1/2

= == +cI() (76)
where m

F(t) = me'/?T(t) (78)

The solution of this O-U process is provided in section 2:
V(t) = N(voe™ 7, 5. (1 - e 5) (79)
2(t) = N(wor(1 — e~ 72), erl(t — tg ~ 27(1 — e~ =) + g(l ) (80)
cov{vft) - v(t +#)} = ?-2’5(1 — e -t (81)




3.3 Solution as t — 400

The time infinity solution is also provided in section 2:

Voo = N(0,—)

il
"2

Too = N(vgT, cT2(t — 15))

Using the equipartition theorem and also the experimental fact that < z2, >= 2D(t — tg), we get:

% = k:;LT,CT2 =2D
which gives us:
_Dm 2 (ksT\?
Tk “TD\m
Compared with Eq. 77 and Eq. 78, we get:
p= kT
v

F(t) = /2kgTvI(2)
Further, the above equation gives:

oo

+o0 .
f < Ft) - F+t)>dt' = / 2kpTy <T() -T{t+¢) > dt = 2kgTv

—00 —00

Finally, as ¢t — co, we have:

L

cov{v(t) - v(t+1)} = —e™

Sk

Since at t infinity, the average of ©(z) is 0, so:

t"

< ut) - v(t+ 1) >= cov{v(t) vt + 1)} = —2'313 T

the integral of which gives:
+o0
/ <o) vt+¢)>dt' =D
0

3.3.1 Connection with Eistein’s analysis

Usually, 7 = m/v is very small, so we can approximate the process by a zero-r limit process (with Tc!/

(2D)'/2 fixed), the solution of which is given in section 2:

v{t) = (2D)Y/2T(¢)

z(t) = N(0,2D(t — 5))

We recover the results:
<z(t) >=0, <a*(t)>=2D{ 1)

(82)

(83)

(84)

(85)

(86)

(87)

(88)

(89)
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(92)

(93)

(94)





